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Multigrid Approach to Overset Grid Communication
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The nonaligned multigrid method is introduced as an alternative to boundary point interpolation for communi-
cation in overset grid systems. The nonaligned multigrid method treats the individual grids as levels in a multigrid
solution procedure. This technique was able to converge 69% faster than standard boundary point interpolation
for Mach 2 flow over a 5-deg ramp and 28 % faster for a more complex reflected shock case. For these test cases, the
largest increase in convergence rate came from applying the nonaligned multigrid method to the communication
between overset grids. Further coarsening of the global grid was next in effectiveness, and coarsening of local grids -

gave little improvement.

Introduction

T HE usual approach to communication between overset grids!—*
is through boundary point interpolation. The solution is inter-
polated at grid outer boundaries and at fringe points around holes.
Holes are created in grids by eliminating points that either lieinside a
solid body or are considered inferior to points in an overlapping grid.
This approach leads to a method of solution known as a Schwartz
alternating method.** A disadvantage of Schwartz’ method is that
in the region of overlap there are multiple solutions, none of which
are considered more correct than others. Also, the work expended
to obtain these multiple solutions is wasted on all but one of the
grids. Because of this, the usual strategy for overset grid systems is
to minimize the region of overlap.

The purpose of this study is to show the feasibility of using a non-
aligned multigrid technique® to communicate between overset grids
instead of boundary point interpolation. Instead of allowing each
grid to have its own different solution, only one grid is considered
the “top level” grid. Interpolation of both residuals and dependent
variables from the top level is used to calculate a defect correction
driving the solution on other grids in the region of overlap. This
technique makes use of all grid points in the overlap regions of an
overset grid system. As will be demonstrated later, one benefit is an
improved convergence rate for the overset grid system.

The nonaligned multigrid can be thought of as the general-
ized application of the full approximation scheme’® to an over-
set grid system or as a local refinement technique® ! with the
local levels generated independently. of the global level. Previ-
ous researchers have applied multigrid to enhance convergence
of overset grid systems,!>~!5 but all of these studies confined the
application of multigrid to component grids. Communication be-
tween overset grids was via boundary point interpolation. The ap-
proach here is to replace boundary point interpolation with multigrid
style communication.

The nonaligned multigrid technique is described in more detail
later, and two test cases are presented to illustrate the method. A
5-deg ramp and a 5-deg ramp near a flat plate, both at Mach 2.0,
are solved using a first-order explicit flux difference splitting
approximation of the two-dimensional Euler equations for inviscid
compressible flow.
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Nonaligned Multigrid

The idea here is to treat the overlapping grids as independent lev-
els of a multigrid full approximation scheme (FAS) procedure. By
doing this the boundary interpolations of the dependent variables in
the Schwartz method are replaced by interpolation of the dependent
variables, a defect correction, and a lower level correction over the
entire overlap region in the nonaligned multigrid (NAM) method.
The defect correction stops grid cells of different sizes from degrad-
ing the global solution and allows the previously wasted points to
be effectively used in the solution procedure.

NAM is a generalized local refinement method. The form of the
NAM equations are essentially the same as the FAS equations with
the variations coming about in the interpolation (restriction and pro-
longation operators) and information passing requirements.

The NAM solution procedure is obtained by making two modifi-
cations to the FAS procedure. First, a loop over the number of lower
and higher levels is added for the restriction and prolongation stages,
respectively. This allows the current level to restrict information to
any or all lower levels and to prolongate to any or all higher levels.

The second modification is due to the arbitrary orientations per-
missible with NAM. Similar problems occur when applying multi-
grid to unstructured meshes.'® A more general set of interpolation
operators than typical in the FAS procedure must be used. Bilinear
interpolation is used for both restriction and prolongation operators.
This requires the residuals to be treated as point quantities; hence
the volume is removed on the higher level and restored on the lower
level after the restriction.®

The communications between levels can be illustrated by apply-
ing the NAM procedure to the system of overset grids depicted in
part a of Fig. 1. With the levels as indicated, the flow solver is ap-
plied to level 1, followed by the generation of the defect correction.
Level 1 then restricts the dependent variables and defect correction
to level 2 in region 1 and to the portion of level 3 directly under the
remainder of level 1. The flow solver is applied to level 2, and the
defect correction is generated. The entirety of level 2 then restricts
information to level 3.

The flow solver is applied to level 3, and the lower level correction
is generated. Level 3 then prolongates the lower level correction to
all of level 2 and to the portion of level 1 not in region 1. The flow
solver can then be applied on level 2, and a lower level correction is
generated on level 2 in region 1. Level 2 prolongates this correction
to level 1 in region 1. The last step is the application of the flow
solver on level 1 and the decision to repeat the cycle or to stop. The
grid schedule analogous to the FAS V-Cycle diagram is shown in
part b of Fig. 1 for the three level treatment of grids just described
(v; indicates the number of iterations on level i).

For faster convergence of this problem any of the grids may be
coarsened and added as additional levels. Care should be used when
coarsening levels other than the lowest level. For example, coars-
ening level 1 and inserting it as level 2 may result in a grid with
worse resolution than the level receiving the restricted information.
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Fig.1 NAM three level a) system and b) grid schedule.

This would result in forcing lower resolution onto the lower levels.
The lowest level (typically the global grid) is usually the safest to
coarsen. Coarsening the global grid will in general provide faster
convergence by allowing larger time steps for a more rapid devel-
opment of the flow structure.

Results

The governing equations are the strong conservation law form
of the nondimensionalized Euler equations in two dimensions writ-

ten in terms of a body-conforming curvilinear coordinate system.

These equations are discretized using a first-order explicit flux dif-
ference splitting (FDS) algorithm.'%!7 All of the solutions presented
here were obtained using local time stepping with a Courant number
of 0.96. The initial conditions are freestream throughout the domain,
and the boundary conditions are applied using an explicit phantom
point formulation.! Since the problems considered are everywhere
supersonic, extrapolated inflow and outflow boundary conditions
are used. Zero-pressure-gradient boundary conditions are used for
the solid surfaces.

A two-dimensional 5-deg ramp and a two-dimensional S-deg
ramp near a flat plate provide the test cases for comparing the tech-
niques previously discussed. All calculations are made for Mach 2.0
flow. By accurately predicting the flowfield for this test configura-
tion the feasibility of the nonaligned multigrid technique is shown.
Solutions generated by the rest of the methods discussed are to show
the relative improvement of the nonaligned multigrid and to provide
an understanding of how the various components of the nonaligned
multigrid work. The algorithms are coded in “C” and the numerical
solutions are generated using double precision numbers on a single
processor of an Iris 4D/320VGX work station.

Before comparing the efficiency and overall cost of the various
methods, two items need to be defined. First, a measure of the
amount of work performed on the multiple grid methods needs to
be defined to compare with the single grid work. This measure is
referred to as a work unit and is actually equivalent to the multi-
grid work unit”® for a FAS calculation. The number of work units
associated with a particular level is the ratio of the number of grid
points on the current level to the number of grid points on the largest
level (grid with the largest number of points). With this definition
the work required for the restriction and prolongation operations for
the NAM method and the boundary interpolation for the Schwartz
method are neglected. This follows the spirit of the standard multi-
grid work unit definition and seems reasonable since the cost of
interpolation between levels is insignificant compared with the cost
of the flow solution procedure. With this definition one work unit is
equivalent to one iteration on a single grid with the same number of
points as the largest grid in a multiple grid method.

The second item to be defined is a measure of how well the
current solution estimate satisfies the numerical scheme. This is
accomplished by using the I, norm of the residual. In the NAM
only the solution on the highest level at any point in the domain
is considered to be the correct physical solution; therefore only the
residual from the highest level at any point is considered in the
residual calculation. For the Schwartz method, on the other hand,
all unblanked cells contribute to the residual.

S-deg Ramp Calculations

The methods discussed earlier are first implemented on a 5-deg
ramp. First, a single grid solution is generated by applying the FDS
to the 40 x 32 background grid in Fig. 2. Density contours from this
first-order solution indicate that the shock is smeared over approxi-
mately 20 cells at the back plane.

By adding a 16 x 16 local grid as indicated in Fig. 2, the accuracy
of the solution is dramatically improved. Aligning the local grid lines
parallel to the shock wave allows the FDS to produce a much more
accurate solution than is possible on the global grid. The density
contours from this overset grid solution indicate that the shock is
three local grid cells wide at the back plane. This solution is much
better than could be obtained on the global grid alone and is virtually
the same as the theoretical solution. :

The NAM procedure and the Schwartz method both give practi-
cally identical results when applied to the system of overset grids
depicted in Fig. 2. The Schwartz method is implemented by cutting
a hole in the global grid in the vicinity of the shock. For the NAM
method, the local grid is designated as level 1 and the global grid
as level 2. The best convergence was found to be for a NAM(2-3-3)
cycle. This notation simply means that two iterations are made on
level 1, followed by three on level 2, and the cycle is completed by
three additional iterations on level 1.

Figure 3 shows the residual histories for the global grid only
calculation, the Schwartz method, and the NAM calculations. This
plot shows that both the Schwartz method calculation (340.4 s) and
the NAM calculation (137.6 s) required significantly greater time
than the single grid calculation (96.2 s). The NAM calculations
require approximately one-third the number of work units required
by the Schwartz method and yielded a 59% reduction in CPU time
over that required by the Schwartz method.
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Fig.2 Overset grids for the 5-deg ramp.
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Fig.3 Residual histories for the 5-deg ramp calculations.
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A three-level NAM procedure is defined by making the local grid
level 1, the global grid level 2, and coarsening level 2 to make level
3 (a 20 x 16 grid). This system takes 114.3 CPU s to converge to
machine zero for a NAM(3-2-2-1-4) cycle. This system requires
only 69.7 more work units (5.2 s) than the single grid calculation
while producing a far superior solution. This is a 69% reduction in
the CPU time required by the Schwartz method.

When the local grid, level 1, is coarsened to make an additional

level, only a slight gain in convergence is obtained. This seems

to indicate that the most significant gain in convergence will come
from simply implementing NAM on the existing overset grid system.
Further improvement in convergence is more likely to come from
coarsening the global grid rather than the local grid.

5-deg Ramp Near a Flat Plate Calculations

A single grid solution is obtained on the global grid (40 x 32)
in Fig. 4a. Density contours from the solution are plotted in Fig. 4b
after converging to machine zero. Once again the single grid solution
shows the general trend of a highly dissipative first-order method
attempting to capture a shock structure.

An overset system of four grids counting the original coarse global
grid is used to resolve the shock and reflection. First, a 16 x 16 local
grid aligned with the initial shock is inserted (grid 1) as indicated in
Fig. 4a. Next grid 2, a 16 x 16 local grid aligned with the reflected
shock, is added. Since neither of these could accurately resolve the
flow near the shock reflection point, a semicircular grid is added
(grid 3). The radial lines in this grid are arranged such that one grid
line will coincide with the initial shock and another line with the
reflected shock.

Density contours of the solution obtained from both the NAM
and the Schwartz method for this system are plotted in Fig. 4c. This
new solution is very accurate and compares well with the theoretical
solution.

For this case the NAM is applied to the four grid system in Fig. 4a
treating the circular grid as level 1, the grid aligned with the initial
shock as level 2, the grid aligned with the reflected shock as level
3, and the global grid as level 4. The four level grid scheduling
diagramis shown in Fig. 5. The circled numbers indicate the number
of iterations performed on each level for a single NAM cycle.

In this case the single (coarse) grid calculation requires only 550
iterations to converge to machine zero using 131.6 CPU s. The resid-
ual histories for the single grid, the Schwartz method, and the NAM
solution are plotted in Fig. 6. The time required for the Schwartz
method is 865.0 CPU s whereas the NAM solution requires 712.5
CPU s, a 17.6% reduction in CPU time.
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Fig. 4 a) Overset grids for the 5-deg ramp near a flat plate, b) single
grid density contours, and c) overset grid density contours.
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Fig. 6 Residual histories for the 5-deg ramp near a flat plate.

Coarsening the global grid to produce a five level system provides
additional savings in the CPU time. A NAM(8-2-2-2-1-1-1-2-1)
cycle is used to obtain the solution in only 623.8 CPU s. This is
27.9% faster than the Schwartz method.

Conclusions

The nonaligned multigrid was introduced to provide increased
convergence for overset grid systems by treating the individual
grids as levels in the multigrid solution procedure. This tech-
nique was able to converge 69% faster than the standard bound-
ary point interpolation procedure (Schwartz method) for the 5-deg
ramp and 28% faster for a more complex reflected shock case.
For these test cases, the largest increase in convergence rate came
from applying the nonaligned multigrid method to the commu-
nication between overset grids. Further coarsening of the global
grid was next in effectiveness, and coarsening of local grids gave
little improvement.
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